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Abstract. We determine the Picard-Fuchs equations for the elliptic modular varieties E3 and 
E’ -ciated to an elliptic fibration ?r : E --) X over a Ftiemann sulface x. 
1. INTRODUCTION 
Let ‘p : Y ---) X be a projective family of smooth connected projective varieties over C. To 
be more precise, Y and X are smooth projective varieties, cp : Y 4 X is a proper morphism, 
and the fibers cp-‘(2) (z E X) of cp are connected. One of the fundamental problems in 
Hodge theory is to determine the Gauss-Manin connection of the given family, which reduces 
to a differential equation called Picard-Fuchs equation when the complex dimension of X is 
one (see e.g., [l, Section 4, 21). For example, if Y is a complex elliptic surfa.ce given by 
Y2 = 4x3 - gz(t)x - g3(t), 
then the associated Picard-Fuchs equation is 
1 df g+--+ 
315-4 
J dJ 14452(J - 1)s f = OS 
where J is the j-invariant of the elliptic surface (see e.g., [3, p. 2711). 
Let E be an elliptic modular surface associated to an elliptic fibration ?r : E -+ X. 
Let En be an elliptic modular variety constructed from E, and let ?r” : E” + X be the 
corresponding fibration (see Section 2 for definitions). In this paper, we determine the 
Picard-Fuchs equations for the elliptic modular varieties for E3 and E4 (or, more precisely, 
for the fibrations w3 and rr4) assuming that the Picard-Fuchs equation of the elliptic fibration 
?r : E -t X is known. 
2. ELLIPTIC MODULAR VARIETIES 
Let E be an elliptic surface and let ?r : E + X be an elliptic fibration in the sense of 
Kodaira [4]. Thus E is a compact smooth surface over C, X is a compact Hiemann surface, 
and the generic fiber of a is an elliptic curve. We assume that ?r has a global section and 
that there are no exceptional curves of the first kind in the fibers of r. 
Let Eo be the union of the regular fibers of A and let Xe = ?r(Eo). Then the universal 
cover of Xe is the Poincark upper half plane 7-1. Let l? c PSL(2, R) be a Fuchsian group 
acting on ‘H by linear transformations such that X = I’ \ ti* where ‘H’ = 7f U {P-cusps}. 
We shall assume that P has no elements of finite order. Then we have X - X0 = w(C) 
where C is the set of P-cusps. Since l? csn be identified with the fundamental group ?ri(Xo), 
the natural connection on EO determines the monodromy representation x : r + SL(2, R). 
If the composition of x with the natural projection SL(2,R) + PSL(2,R) is an inclusion 
of P in PSL(2, R), then the elliptic surface E is called an elliptic modular surface (see [5]). 
Let E be an elliptic modular surface. Then, for each positive integer n, an elliptic modular 
variety E” associated to the elliptic fibration A : E + X is obtained by resolving the 
singularities of the compactification of the n-fold fiber product 
Eo x, Eo xx ..a xr E. 
of EO over Xc. The morphism ?r induces the morphism w” : En + X and the generic fiber 
of w” is the product of n elliptic curves (see [6] for details; see also [7,8]). 
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3. PICARD-FUCHS EQUATIONS 
Let X be a complex quasi-projective algebraic curve and let 
of polarized algebraic manifolds with dimH”~“(Y,) = 1, where 
(p:Y-+Xbeafamily 
yz = cp-l(z) is the fiber 
of cp over 2 E X. Then the homology groups H,(Yc,Z)/(t or&on) fit together to a locally 
constant sheaf Vz. We set V = Vz @I C and V = Vv @ Cl,, where Vv is the sheaf dual 
to V and 0x is the sheaf of holomorphic functions on X. Let Vv be the standard integrable 
connection on V” (see e.g., [2]), and let Vg,,, be Vv followed by contraction with A. Then 
V&z E End(V”), and since 
a, V&j, Q, . . . P&d”~ 
are linearly dependent over Ox, we have 
(cn(V;,Bl)n + * * - + cl(v&j+) co> ff = 0, 
where CO , . . . , c,, E Ox. Thus we obtain the associated differential equation 
d”f 
C”dtn+ . ..+clg+co=O. 
which is the Picard-Fuchs equation of cp : Y ---) X (see [9, Section 61 for details). 
Suppose Af = 0 is a second order ordinary differential equation on X with regular singular 
points and let SoJ(A) be the local system of solutions of Af = 0. For each positive integer k 
we define the kth symmetric power Ak f = 0 of Af = 0 to be the (k + l)Bt order differential 
equation whose local system of solutions on X is the symmetric power S”(Sol(A)) of Sol(A). 
Thus if u, v are a fundamental set of linearly independent solutions of Af = 0, then the h+ 1 
functions 
Uk, d-b ,..* > uvk-1, vk 
form a fundamental set of linearly independent solutions of A”f = 0 (see [lo, p. 281). 
THEOREM 1. Let E be an elliptic modular surface and Jet E” be an elliptic modular variety 
associated to a positive integer n. If the Picard-Fuchs equation for the elliptic modular 
surface E with fibration r : E --_) X is Af = 0, then the Picard-Fuchs equation for the 
elliptic modular variety En witb fibration ?r” : En + X is the symmetric product A” f = 0 
of Af = 0. 
PROOF: When n = 2, the proof is given in [9, p. 6021. The same argument can be used for 
general n. Thus let w be a global section that spans the Hodge bundle FT’ for the elliptic 
modular surface E with fibration ?r : E -+ X. Then the Hodge bundle 3n for the elliptic 
modular variety En with fibration ?r” : En -+ X is spanned by w”. Thus it follows that 
Sn(R1n,Z) c R”n,Z 
contains the transcendental lattices for all fibers (E,)” of ?r”. It follows that Anf = 0 is 
the Picard-Fuchs equation for the elliptic modular variety En or, more precisely, for the 
fibration +’ : En --* X. 
4. SOME SPECIAL CASES 
In this section we apply Theorem 1 to determine the Picard-Fuchs equations of the elliptic 
modular varieties En associated to an elliptic modular surface E for n = 3 and n = 4. We 
shall assume that the Picard-Fuchs equation for the elliptic modular surface E is Af = 0, 
where 
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As’ is well-known, the second order equation Af = 0 is equivalent to the following system of 
two first order differential equations: 
g’ = -Qf - Pg. 
THEOREM 2. If f and g satisfy 
ii(i) = (-t.2 -‘p> (39 
then we have 
where A = (aij) is an (n + 1) x (n + 1) matrix such that 
Uk,k = (1 - k)P for lLhLn+l, 
ak,k+l =n+l-k for l<k<72, 
ak+l,k = -1Q for l<k:IYI, 
aij =o for i>j+l or j>i+l. 
PROOF: We have 
(f”)’ = nf”_‘f’ = flfn-lg, 
(g”)’ = ng”-lg’ = -nQfg"-' - nPg”. 
On the other hand, for 15 h 5 n - 1, we have 
(f”_“g”)’ = (n - ]c) f’+k-lgky + kfn-kgk-lgt 
= _kQf”-k+’ 9 
k-l - kPf”-kgk + (n _ h) fn-k-lg’+‘. 
Now the theorem follows easily from these computations. 
Since f” satisfies the nth symmetric product A”f = 0 of the equation Af = 0, the (n+ l)*t 
order differential equation A” f = 0 can be obtained from the system 
of differential equations, where A is as in Theorem 2. The equation A2f = 0 was obtained 
in [9, p. 6021 to be 
A2f = f”’ + 3Pf” + (2P2 + 49 + P’) f’ + (4PQ + 29’) f = 0. 
In the next theorem we consider the cases for n = 3 and n = 4. 
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THEOREM 3. If hf = 0 with 
is the Picard-Fuchs equation for an elliptic modular surface E, then the Pjcard-&chs equa- 
tions for the elljptjc modular varieties Es and E4 are 
A3f = ft4) + 3(1+ P) f”’ + (P’ + 4Q + 2P2 + 9P) f” 
+ (P” + 1OQ’ + 7PP’ + 30PQ + 6P3) f’ 
+ 3(Q” + 2P’Q + 5PQ’ + 3Q2 + 6P2Q) f = 0 
and 
A4f = fc5) + 2(3 + 2P) fc4) + (24P + 4P’ + llP2 + 2OQ) f"' 
+ 5(P” + 8Q’ + 9PP’ + 24PQ + 10P3) f" 
+ (P" + 18Q” + 7(P’)2 + 1lPP” + 56P’Q 
+ 120PQ’ + 46P2P’ + 64Q2 + 208P2Q + 24P4) f' 
+ 4(&“’ + 2P”Q + 7P’Q’ 14PQ” + 21QQ’ 
+ 20PP’Q + 26P2Q’ + 32PQ’ + 24P3Q) f = 0, 
respectively. 
PROOF: First, when TX= 3, by Theorem 2 f satisfies the system of differential equations 
f' = 3f1, 
fi = -Qf - Pfi + fi, 
f; = -‘J&f1 - 2Pfi + f3, 
f; = -3Qfi - 3Pf3. 
From these equations we can express successively fl, f{, f2, f& f3 and fi in terms of f 
and its derivatives, and show that the Picard-Fuchs equation A3f = 0 is as described above. 
Next, when n = 4, again by Theorem 2 f satisfies the system of differential equations 
f' = 4f1, 
fi = -Qf - J'fi +3f2, 
f; = -2Qfl -2Pfi +2f3, 
f; = -s&f2 - 3Pf3+f4, 
f; = -4Qf3 -4Pf4. 
As in the previous case, we can obtain the Picard-Fuchs equation A4f = 0 as described 
in the theorem by first expressing fl, f{, f2, fi, f3, f& f4 and fi in terms of f and its 
derivatives. 
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